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Abstract
Two common fixed point theorems for mapping of complete metric space under a general contractive inequality of integral type
and satisfying minimal commutativity conditions are proved. These results extend and improve several previous results, particularly
Theorem 4 of Rhoades [B.E. Rhoades, Two fixed point theorems for mappings satisfying a general contractive condition of integral
type, Int. J. Math. Math. Sci. 63 (2003) 4007–4013] and Theorem 4 of Sessa [S. Sessa, On a weak commutativity condition of
mappings in fixed point considerations, Publ. Inst. Math. (Beograd) (N.S.) 32 (46) (1982) 149–153].
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries
Definition 1. (See Sessa [10].) Let f and g be two self mappings of a metric space (X,d). f and g are weakly
commuting if
(A) d(fgx,gf x) d(f x,gx) for all x ∈ X.
Definition 2. (See Jungck and Rhoades [7].) Let f and g be two self mappings of a metric space (X,d). f and g are
said to be weakly compatible if
(A1) for all t ∈ X such that f t = gt then fgt = gf t.
Clearly, every pair of weakly commuting mappings is weakly compatible, but the converse is not true.
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f (x) := x
x + 1 , x ∈ [0,1] and g(x) :=
{
0, x ∈ {0} ∪ ] 12 ,1],
1+x
3 , x ∈ ]0, 12 ].
Obviously, fX = [0, 12 ] and gX = {0} ∪ ] 13 , 12 ]. So gX ⊂ fX. We see that f and g are weakly compatible since they
commute at their coincidence point 0. But condition (A) is not always true. If x = 3/4 we obtain
f x = 3/7, gx = 0, fgx = 0, gf x = 10/21.
So,
|fgx − gf x| = 10/21 > |f x − gx| = 3/7.
Weakly commuting maps is then a subclass of weakly compatible maps.
We have used the concept of weak compatibility in several recent works (see for example [2] and [3]) and we have
found it a very efficient tool to prove fixed point theorem for maps which are not necessary continuous.
Let f,g be self-mappings of X satisfying the following condition
(B) g(X) ⊂ f (X).
Let now x0 be an arbitrary point of X and generate inductively the sequence {yn}n0 as follows,
g(xn) = f (xn+1) = yn, n = 0,1,2, . . . .
Define the sets
O(yk,n) := {yk, yk+1, . . . , yk+n}, k = 0,1,2, . . . ,
O(y0,∞) := {y0, y1, . . . , yn, . . .}.
Then O(yk,n) is called the nth orbit of yk . For any set A, δ(A) will denote the diameter of A. Furthermore, we put
for every x, y ∈ X
M(x,y) := max{d(f x,fy), d(f x,gx), d(fy,gy), d(f x,gy), d(fy,gx)}. (∗)
Now, let R+ be the set of nonnegative real numbers and consider
(i) φ :R+ →R+ a nondecreasing function, continuous from the right, such that φ(t) < t for any t > 0.
In [10], S. Sessa generalized an elegant result due to G. Jungck [4] and proved the following theorem.
Theorem 4. Let f be a continuous self-mapping of X and g : X → X verifying the conditions:
(A) d(fgx,gf x) d(f x,gx);
(B) g(X) ⊂ f (X);
(C) d(gx,gy) φ(M(x, y)).
If there exists x0 ∈ X such that δ(O(y0,∞)) < ∞, then f and g have a unique common fixed point.
In [9], trying to extend a theorem of Branciari [1], B.E. Rhoades established two fixed point theorems satisfying a
contractive inequality of integral type. In particular he proved the following theorem.
Theorem 5. Let (X,d) be a complete metric space, k ∈ [0,1), g : X → X and f = I : X → X be the identity mapping
of X. Suppose that for all x, y ∈ X, the condition
(C1)
d(gx,gy)∫
0
ϕ(t) dt  k
M(x,y)∫
0
ϕ(t) dt
is valid where
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∫ ε
0 ϕ(t) dt > 0 for
each ε > 0.
If there is a point x ∈ X with bounded orbit, then g has a unique fixed point in X.
The purpose of this paper is to extend and generalize these two theorems mentioned above. The work here uses
a general contractive inequality of integral type, the concept of weak compatibility and drops continuity hypothesis
when necessary.
2. Common fixed point theorems
We first begin by the following lemma taken from [11].
Lemma 6. If t > 0, φ(t) < t if and only if limk φk(t) = 0, where φk denotes the n-times repeated composition of φ
with itself.
Lemma 7. Let f and g be two self-mappings of X fulfilling condition (B). Suppose that
(C2)
d(gx,gy)∫
0
ϕ(t) dt  φ
( M(x,y)∫
0
ϕ(t) dt
)
,
where φ is a function having the property (i) and ϕ : R+ → R+ is a Lebesgue-integrable mapping which is
summable, nonnegative and satisfying (ii). Suppose further that for k  0 and each n  1, δ(O(yk, n)) > 0 and
δ(O(y0,∞)) < ∞. Then, for k  1, we have
δ(O(yk,n))∫
0
ϕ(t) dt  φk
( δ(O(y0,∞))∫
0
ϕ(t) dt
)
.
Proof. From the definition of O(yk,n), there exist integers i, j satisfying k  i < j  k + n such that δ(O(yk, n)) =
d(yi, yj ) = d(gxi, gxj ). For such i, j we find from (C2)
d(yi ,yj )∫
0
ϕ(t) dt =
d(gxi ,gxj )∫
0
ϕ(t) dt  φ
( M(xi ,xj )∫
0
ϕ(t) dt
)
 φ
( max{d(f xi ,f xj ),d(f xi ,gxi ),d(f xj,gxj ),d(f xi ,gxj ),d(f xj,gxi )}∫
0
ϕ(t) dt
)
= φ
( max{d(yi−1,yj−1),d(yi−1,yi ),d(yj−1,yj ),d(yi−1,yj ),d(yj−1,yi )}∫
0
ϕ(t) dt
)
 φ
( δ(O(yi−1,j−i+1))∫
0
ϕ(t) dt
)
.
Then,
δ(O(yk,n))∫
ϕ(t) dt  φ
( δ(O(yi−1,j−i+1))∫
ϕ(t) dt
)
. (1)0 0
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δ(O(yk, n)) = d(yi, yj ) with i > k. Then we have from (1), with i − 1 k and j  k + n
δ
(
O(yk,n)
)∫
0
ϕ(t) dt  φ
( δ(O(yi−1,j−i+1))∫
0
ϕ(t) dt
)
 φ
( δ(O(yk,n))∫
0
ϕ(t) dt
)
<
δ(O(yk,n))∫
0
ϕ(t) dt,
and clearly this is a contradiction since we have δ(O(yk, n)) > 0. By induction, (1) implies
δ(O(yk,n))∫
0
ϕ(t) dt  φ
( δ(O(yk−1,j−k+1))∫
0
ϕ(t) dt
)
 φ
( δ(O(yk−1,n+1))∫
0
ϕ(t) dt
)
.
Hence
δ(O(yk,n))∫
0
ϕ(t) dt  φ
( δ(O(yk−1,n+1))∫
0
ϕ(t) dt
)
 φ
(
φ
( δ(O(yk−2,n+2))∫
0
ϕ(t) dt
))
 · · ·
 φk
( δ(O(y0,n+k))∫
0
ϕ(t) dt
)
.
Therefore, the lemma follows because δ(O(y0,∞)) < ∞ and φ is a nondecreasing function. 
Theorem 8. Let f and g be two self-mappings of complete metric space (X,d) verifying conditions (A1), (B)
and (C2). Assume that f (X) is a closed subset of X, and that there exists x0 ∈ X, such that δ(O(y0,∞)) < ∞,
then f and g have a unique common fixed point.
Proof. We may assume that δ(yk, n) > 0 for k  0 and n  1, since, if there exists k  0 and n  1 such that
δ(yk, n) = 0, we immediately get, yk = yk+1 that is f (xk+1) = g(xk+1), then f has a fixed point. So we have∫ δ(yk,n)
0 ϕ(t) dt > 0.
Now, pick an x0 such that δ(O(y0,∞)) < ∞, and for every m,n integers with m > n, we find
d(yn, ym) δ
(
O(yn,m)
)
,
which, by Lemma 7, implies
d(yn,ym)∫
0
ϕ(t) dt 
δ(O(yn,m))∫
0
ϕ(t) dt  φn
( δ(O(y0,m+n))∫
0
ϕ(t) dt
)
.
Because δ(O(y0,∞)) < ∞, we apply Lemma 6 to have
lim
n,m→∞
d(yn,ym)∫
0
ϕ(t) dt  lim
n→∞φ
n
( δ(O(y0,∞))∫
0
ϕ(t) dt
)
= 0.
Then, limn,m→∞ d(yn, ym) = 0 by condition (ii). Consequently {yn}n0 is a Cauchy sequence. By completeness
{yn}n0 converges to some element z in X and so do subsequences {gxn} and {f xn+1}. That is
z = lim
n→∞yn = limn→∞g(xn) = limn→∞f (xn+1).
Now, as f (X) is closed one can find a point u ∈ X such that z = f (u). Using (C2), we obtain
d(gu,gxn)∫
ϕ(t) dt  φ
( M(u,xn)∫
ϕ(t) dt
)
.0 0
A. Djoudi, F. Merghadi / J. Math. Anal. Appl. 341 (2008) 953–960 957But M(u,xn) converges, as n → ∞, to d(z, gu), so, having property (i) of φ and taking the limit as n → ∞ we deduce
lim
n
d(gu,gxn)∫
0
ϕ(t) dt =
d(gu,z)∫
0
ϕ(t) dt  lim sup
n
φ
( M(u,xn)∫
0
ϕ(t) dt
)
< φ
( d(z,gu)∫
0
ϕ(t) dt
)
<
d(z,gu)∫
0
ϕ(t) dt,
which implies that
d(z,gu)∫
0
ϕ(t) dt = 0.
This, from (ii), implies that d(z, gu) = 0, i.e. z = gu. Thus
z = gu = f u.
Condition (A1) gives
fgu = gf u.
Consequently, we have
f z = gz. (2)
We claim that z is a fixed point for g hence for f . Indeed, by (C2) we have
d(gz,gxn)∫
0
ϕ(t) dt  φ
( M(z,xn)∫
0
ϕ(t) dt
)
. (3)
By condition (2), M(z,xn) tends to d(z, gz) as n → ∞. Hence,
lim
n
d(gz,gxn)∫
0
ϕ(t) dt =
d(gz,z)∫
0
ϕ(t) dt  lim
n
φ
( M(z,xn)∫
0
ϕ(t) dt
)
<
d(z,gz)∫
0
ϕ(t) dt,
which is a contradiction. So we have
d(z,gz)∫
0
ϕ(t) dt = 0,
that is d(z, gz) = 0 as claimed.
Let now w, z be two common distinct fixed points for f and g. Then, (C2) implies that
d(z,w)∫
0
ϕ(t) dt =
d(gz,gw)∫
0
ϕ(t) dt  φ
( M(z,w)∫
0
ϕ(t) dt
)
 φ
( d(z,w)∫
0
ϕ(t) dt
)
<
d(z,w)∫
0
ϕ(t) dt,
which is a contradiction. This completes the proof. 
Remark 9. One can check without great difficulty that Theorem 8 is still true if we have “g(X) is closed” instead of
“f (X) is closed.” Moreover, the theorem also remains valid if we have g or f is surjective instead of “g(X) is closed.”
Remark 10. We derive Theorem 5 of Rhoades if we let, in Theorem 8, f = I and φ(t) = kt , k ∈ [0,1[.
Theorem 11. Let f and g be two self-mappings of complete metric space (X,d) verifying conditions (A), (B)
and (C2). Assume that f is a continuous function on X, and that there exists x0 ∈ X, such that δ(O(y0,∞)) < ∞.
Then f and g have a unique common fixed point.
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in X and
z = lim
n→∞yn = limn→∞g(xn) = limn→∞f (xn+1).
Since f is continuous, fyn converges to f z. Furthermore, condition (A) implies
d(gyn,f z) d(gyn,fyn+1) + d(fyn+1, f z) = d(gf xn+1, fgxn+1) + d(fyn+1, f z)
 d(f xn+1, gxn+1) + d(fyn+1, f z) = d(yn, yn+1) + d(fyn+1, f z).
The above inequality shows, as n tends to infinity, that {gyn} converges also to f z. So
M(yn, z) = max
{
d(fyn,f z), d(fyn, gyn), d(f z, gz), d(fyn, gz), d(f z, gyn)
}
converges to d(f z, gz). Consequently, we obtain from (C2),
d(gyn,gz)∫
0
ϕ(t) dt  φ
( M(yn,z)∫
0
ϕ(t) dt
)
.
Having in mind the property (i) of φ, and taking the limit of last inequality as n → ∞, one gets
d(f z,gz)∫
0
ϕ(t) dt = lim
n
( d(gyn,gz)∫
0
ϕ(t) dt
)
 lim sup
n
φ
( M(yn,z)∫
0
ϕ(t) dt
)
 φ
( d(f z,gz)∫
0
ϕ(t) dt
)
<
d(f z,gz)∫
0
ϕ(t) dt.
This implies that
d(f z,gz)∫
0
ϕ(t) dt = 0,
which, from (ii), implies that d(f z, gz) = 0 or
f z = gz. (4)
Thus,
fgz = gf z = ggz. (5)
Combining these equalities with (C2), it follows that
d(ggz,gz)∫
0
ϕ(t) dt  φ
( M(gz,z)∫
0
ϕ(t) dt
)
 φ
( d(ggz,gz)∫
0
ϕ(t) dt
)
.
From (ii) this means that ggz = gz or gz is a fixed point of g. (4) and (5) show that gz is also a fixed point of f . The
uniqueness follows by a similar method as in proof of Theorem 8. 
Remark 12. By letting ϕ equal to a constant function in Theorem 11, we obtain Theorem 4 of Sessa.
Example 13. On the set X = [2,20] endowed with the usual metric we define f , g as follows,
f (x) :=
⎧⎪⎨
⎪⎩
2 if x = 2,
13 + x if x ∈ ]2,5],
x − 3 if x ∈ ]5,20],
g(x) :=
{
2 if x ∈ {2} ∪ x ∈ ]5,20],
8 if x ∈ ]2,5].
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f (X) = [2,18], φ(t) < t for t > 0 and f , g are weakly compatible and have at x = 2 a common fixed point. But, if
x ∈ ]5,8] we find
|fgx − gf x| = 6 while |f x − gx| = x − 5.
So,
d(fgx,gf x) > d(f x,gx) for all x in ]5,8].
Hence, f and g are not weakly commuting.
On the other hand we see that, if x = 2 and y ∈ ]5,20] (similarly if y = 2 and x ∈ ]5,20]) ∫ d(gx,gy)0 ϕ(t) dt = 0
and (C2) is satisfied. If x = 2 and y ∈ ]2,5] (or y = 2 and x ∈ ]2,5]) then,
d(gx,gy)∫
0
ϕ(t) dt  77 − 1 1
2
(
1414 − 1) 1
2
M(x,y)∫
0
ϕ(t) dt (6)
and (C2) is still true. We obtain inequality (6) if x ∈ ]2,5] and y ∈ ]5,20] (or y ∈ ]2,5] and x ∈ ]5,20]). Thus, in any
case (C2) holds true. The conditions of Theorem 8 are satisfied and f and g have a unique common fixed point.
Suppose f , g are selfmaps satisfying condition (B) and φ : R+ → R+ is such that φ(t) < t for each t > 0. If we
let ϕ equal to a constant function, then (C2) becomes
(CM) d(gx,gy) φ
(
M(x,y)
)
,
where M(x,y) is given by (∗). (CM ) is then a φ-contractive type condition. Define
m(x,y) := max{d(f x,fy), d(f x,gx), d(fy,gy), [d(f x,gy) + d(fy,gx)]/2}. (∗∗)
One can replace M(x,y) in (CM ) by m(x,y) to obtain a less general φ-contractive condition (Cm): d(gx,gy) 
φ(m(x, y)). Note that the condition (Cm) implies (CM ). Meir–Keeler contractions for more than one map were intro-
duced in [5] (see also [6]), called (ε, δ)-contractions and defined, in our consideration for f , g, as follows,
(MKC) given ε > 0 there exists δ > 0 such that
ε m(x,y) < ε + δ ⇒ d(gx,gy) < ε.
In general, a φ-contractive condition of type (Cm) does not imply an MKC condition (see [8, Example 1.1]).
Similarly, an MKC condition neither ensure the existence of a fixed point nor implies a φ-contractive condition of
type (Cm) (see [8, Example 1.2]). Unless some additional conditions on φ and δ are assumed (see [8,13] and papers
therein), MKC and φ-contractive conditions do not assure a fixed point and are independent of each other. There are
some results which concern MKC contractions using m(x,y) and requiring the maps to be compatible [8], biased [6]
or weakly compatible with an additional property E.A [13] but we ignore whether these results hold for more general
MKC contractions using for example M(x,y) instead of m(x,y). Clearly, Theorems 8 and 11 have no Meir–Keeler
versions. Also it seems that there is no fear, for instance, to have a possible lack of originality according to what was
stated lately by Professor T. Suzuki [12].
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